Despite its emergence as a frequently used method for the empirical analysis of multivariate data, quantile regression is yet to become a mainstream tool for the analysis of duration data. We present a pioneering empirical study on the grounds of a competing risks quantile regression model. We use large scale maternity duration data with multiple competing risks derived from German linked social security records to analyse how public policies are related with the length of economic inactivity of young mothers after giving birth. Our results show that the model delivers detailed insights into the distribution of transitions out of maternity leave. It is found that cumulative incidences implied by the quantile regression model differ from those implied by a proportional hazards model. To foster the use of the model we make an R-package (cmprskQR) available.
Introduction
Since the pioneering work by Koenker and Bassett (1978) , quantile regression has steadily gained popularity in the statistical analysis of multivariate data. Originally developed as a linear model for cross section data, quantile regression has been extended to a wide range of models which are applicable to a wealth of data structures including time series and panel data. See Koenker (2005) for a detailed overview. In order to adapt quantile regression for duration data it was required to handle data with a censored dependent variable. Models with a randomly censored dependent variable have been developed since the 1980s starting with Powell (1986) . For a comprehensive review of censored quantile regression see Koenker (2008) . While quantile regression models for duration data have been proven to provide detailed insights into the conditional distribution of failure times (see for example Koenker and Geling, 2001 ), the censored quantile regression model limits research to single risks models or models with independent competing risks. For a review of the relevant literature see again Koenker This paper makes the following contributions to the literature: It is the first comprehensive application of the dependent CRQR model of Peng and Fine (2009) using an important subject problem from economics and social sciences. We explore the merits and detect practical issues of the CRQR model when applied to large scale administrative individual data with multiple competing risks. In particular we study the role of public child care policies for the duration of maternity leave. We use linked administrative social security records from Germany to investigate how leave legislation and child care provision influence the decision of young mothers after the delivery of their first child not to return to employment. In particular we make an in-depth investigation how the policy variables are related with delivering a second child before returning to the labour market or making transitions into unemployment. We propose an inversion of the estimated quantiles defined by the cumulative incidences to obtain the cumulative incidences implied by the CRQR model. Cumulative incidences are functions in duration and normally considered in applications as quantile functions are harder to relate to the subject content. In order to ensure the inverse to exist we guarantee monotonicity of conditional quantiles by eliminating any quantile crossings using the method of Chernozhukov, Fernández-Val and Galichon (2010). The resulting cumulative incidences are directly comparable with 
Data
Our analysis uses biographical data of selected insurance agencies in Germany (BASiD). These data are linked administrative records from the German statutory pension insurance scheme Table 3 in the Appendix. There had been a number of policy changes in Germany during our observation period which altered the job protection period and maternity benefit entitlements (compare Figure 3 in the Appendix). In our analysis we focus on how child care policies and leave legislation are related with transition times into next birth and unemployment. We therefore only report the results for the following covariates: child care places per 100 children (aged < 3), job protection period (3 variables) and maximum entitlement for maternity benefits (in 1,000 Euros). For further details about the sample and detailed variable definitions see Arntz et al. (2014) . Despite that the model controls for a wealth of variables, the analysis likely omits important variables. This includes the household background of the mother (household size and income and spousal job status), the proximity and age of the grandparents and performance indicators of the last employer (such as profits). While it is hard to believe that these variables are correlated with most of the institutional variables, the entitlement for maternity benefits is partly depending on household wealth and thus estimation results for the latter possibly incur a sizable omitted variable bias.
We restrict the presentation of results to two risks and a small number of covariates because we believe this suffices to explore the practical properties of the CRQR model. As a flexible model produces a wealth of results, this paper would considerably gain in length if we included all of them. The interested reader can request additional CRQR results from the first author.
The presentation of the full set of results obtained by a proportional hazards model with all six risks and all covariates can be found in Arntz et al. (2014) . We focus our discussion of the results on whether quantile regression enables us to obtain new insights into the distribution of maternity leave than a conventional duration model.
Competing Risks Quantile Regression
We consider the following competing risks duration model to relate maternity leave duration to a number of variables. As described in the previous section we consider three exit states (next birth, unemployment, other). We therefore consider a model with j = 1, . . . , 3 competing random variables T j ∈ IR + . X ∈ IR K is a K × 1 vector of observable covariates. For consistency of the approach it is required that all covariates of the population model are observable.
Although, we do not expect sizable inconsistencies in our estimation results due to the large number of included variables, we restrict the discussion of the results to elaborating partial statistical relationships.
Due to the competing risks structure it is only possible to observe (U, , X) with = argmin j {T j } and U = min j {T j }. Independent censoring is characterised by censoring point C ∈ R + . Thus observable duration is T =min{U, C} and let ∆ = 1I(U ≤ C) with indicator function 1I. Let (t ji , c i , δ i , x i ) be i = 1, . . . , N realisations of (T j , C, ∆, X) and F j (t; x) = Pr(T j ≤ t, ∆ = j; x) be the cumulative incidence curve for risk j. F j (t; x) describes the probability of observing a transition into j and can be estimated without assumptions on the dependence structure between competing risks. It is remarked that this is not the same as estimating Pr(T j ≤ t; x), the distribution of the competing T j . Pr(T j ≤ t; x) for all j describe the data generating process but their estimation requires assumptions on the dependence structure between competing risks. Following Peng and Fine (2009) we consider the τ 's conditional quantile function for the cumulative incidences, namely
for 0 < τ L < τ < τ U < 1 and g is a known monotonic link function. The parameters β j (τ ) are unknown and can change in τ .
Given that we consider a model for the cumulative incidence, we can focus on a small number of observable risks and pool all other risks into a remainder state. Although, the pooled remainder risk does not have a direct interpretation, the pooling does not change the cumulative incidences for the risks of main interest which can be still estimated separately. We consider a nonparametric model for the distribution of durations to avoid misspecification. By
and thus the estimator for β j (τ ) can be obtained by conventional quantile regression models. In particular, in the absence of censorinĝ
Equivalently the estimator can be obtained by solving the estimating equation with respect to
In the presence of censoring Peng and Fine (2009) suggest a weighted version of the above estimating equation by using inverse probability of censoring weighting which is
withĜ(t) is the Kaplan-Meier estimator for P r(C ≥ t). Due to not being continuous Peng and Fine (2009) suggest a related L 1 type function which can be more easily numerically minimized.
Under some technical conditions they show that the resulting estimator is √ N -consistent and asymptotically normal and they derive the variance matrix of the estimator.
Empirical researchers are often primarily interested in reporting results as a function of duration or failure time rather than conditional quantiles. Since the CRQR model estimates the latter, we suggest that F j (t; x) can be obtained as follows:
with ξ x,j (τ ) = x β j (τ ). The last step requires that ξ x,j (τ ) is invertible which is the case if ξ x,j (τ )
is monotonic in τ for all x. This condition is violated if there are any crossings of conditional quantiles. Quantile crossings can occur due to misspecifciation of the quantile regression model but they are also present if the model is correctly specified. It is therefore an empirical exercise whether ξ x,j (τ ) is invertible when estimated β j (τ ) are used. In order to ensure monotonicity of conditional quantiles-and therefore their invertibility-we employ the method of Chernozhukov et al. (2010) . In particular letQ j (τ ; x) be the conditional quantile implied by the model.
Then the monotone rearranged quantile curveQ * j (τ ; x) is computed as the τ -th quantile of {Q j (τ 1 ; x), . . . ,Q j (τ k ; x)}, where {τ 1 , . . . , τ k } is a sufficiently fine grid of equidistant values in (0, 1).
In an application τ L and τ U are determined by the technical condition C4 of Peng and Fine and they differ across risks. While τ L is likely a small number greater than zero, τ U is typically in the range of the share of observed transitions into the relevant risk. The cumulative incidence may not attain higher values than this share and thus higher quantile functions are not observable and thus cannot be estimated. This means the quantile regression model cannot be estimated for τ too large because F j (t; x) attains a plateau level for t large enough and the estimated β j (τ ) would tend to infinity. Condition C4 of Peng and Fine is met if N −1 i x i x i is non singular and if inf b∈B j ∂F j (g(x b); x)/∂t is bounded below by a positive constant, where B j is a set of b which contains elements sufficiently close to the true β j (τ ). These properties can be verified with the data. τ U is then such that F j is below its plateau level and therefore there are no implied F j (t; x) for t large. In our application we set g(v) = exp(v). The model is estimated on an equidistant 0.001 grid on τ L and τ U . τ L and τ U are automatically determined for each risk.
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In our application we compare estimates of the CRQR model based F j with implied F j obtained by a proportional hazards model. For the latter we use the model by Fine and Grey (1999) who consider the cause-specific subdistribution hazard function
In their model λ s j (t; x) is assumed to be a proportional hazards model of the form
where λ s j0 (t) is the nonparametric baseline subdistribution hazard and γ j are unknown parameters. The cumulative incidence in this model is
where Λ s j0 (t; x) = t 0 λ s j0 (u)du is the cumulative baseline subdistribution hazard. The marginal effect of a continuous x k on F j (t; x) is not simply γ jk but
Thus the magnitude of the partial effect varies with t but its sign is determined by the sign of γ jk .
Therefore the direction of the effect is the same for all t. This implies that the conditional quantile functions for this model are also shifted only in one direction for all τ when a covariate changes. The Cox proportional hazards model has a similar property, that the sign of the partial covariate effect on the conditional quantile does not change across quantiles (Koenker and Geling, 2001 ). In contrast, the sign of β j (τ) in model (1) is not restricted across τ. A covariate can therefore shift downward the conditional quantile function for lower quantiles (shorter duration) and shift it upward for larger quantiles (longer duration). Therefore, the CRQR model offers more flexibility than the proportional hazards model in terms of the covariate effect. But, as pointed out by a referee, the proportional hazards model is characterised by a greater flexibility in the time effect due to the baseline hazard being nonparametric. Given that these two models are non-nested, we are unable to jump to the conclusion with certainty that the proportional hazards model is misspecified, when a change in the sign of the CRQR coefficients (when varying τ) is found. This, however, hints at evidence of conflicting results of these two models, and such evidence might point to a violation of the property of the proportional model in (4) . In our application we compute and compare the estimated cumulative incidences implied by the different models as given in (2) and (3) to assess how the different sets of restrictions possibly lead to different results. We use the bootstrap in order to determine standard errors and 7 inference statistics for the estimated cumulative incidences. We make an R-package cmprskQR available which comprises of the estimator for β j (τ) in (1) and the implied cumulative incidence in (2) . For the estimation of the Fine and Gray (1999) model we use the cmprsk R-package by Bob Gray.
Empirical Results
We first present estimated quantile regression coefficients of Q j as given in (1). Figure 1 shows selected coefficients for public policy related variables in the model. Column (a) contains the coefficients for the risk "next birth" and column (b) the coefficients for the risk "unemployment". τ U is 0.28 for "next birth" and 0.164 for "unemployment", thus in both cases it is slightly above the share of observed transitions into these risks (compare Table 1 ). While τ L is close to zero for both risks, we do not report the coefficients for risk "next birth" for τ < 0.03.
A natural "next birth" cannot occur within nine months which corresponds to a flat cumulative incidence during the first months of maternity leave. We do, however, observe a small number of transitions within 9 months because of adoptions of small babies. Thus, the cumulative incidence is not fully flat but we obtain large jumps in qr coefficients across the lowest quantiles. Thus, we decided against reporting them for "next birth" as this points to some instability. For comparison of the QRCR model with a conventional approach we report the coefficients obtained by the proportional hazards model for the cumulative incidence in Table 5 in the Appendix. We focus our discussion of the results on to what extent the CRQR model is capable of providing different insights into the role of covariates for the distribution of observed transitions than a conventional proportional hazards model.
It is apparent from Figure 1 that coefficients vary over risks, which highlights the importance of employing a competing risks model. Moreover some of the coefficients vary considerably across quantiles, wich points to the usefulness of the CRQR model to detect these patterns. For example "child care places" is almost constant in τ for "next birth" but has a U-shape for "unemployment". For risk "unemployment" the results provide detailed insights into the partial relationships as all coefficients vary significantly across quantiles. In particular, the job protection variables are found to strongly shift the quantiles of the cumulative incidences.
Moreover, the coefficients on "child care places" and "maternity benefits" change sign across quantiles. This means for instance that more generous maternity benefits are estimated to increase conditional quantiles for unemployment at shorter durations but decrease cumulative incidences at longer durations.
To contrast the results obtained by the CRQR and the proportional hazards model, Table   2 contains a summary of the direction and strength of the estimated effects. In particular 8 provision is related with longer unemployment periods. The CRQR model for most quantiles suggests the contrary or does not reveal any systematic relationship, which appears to be more plausible given increased child care should improve the employability of young mothers and thus should result in a decrease in the probability of making a transition to unemployment. The CRQR model provides strong evidence for a negative relationship between the length of job protection periods and the probability of making a transition to unemployment for all quantiles, but the proportional hazards model only finds this for the longest job protection period (36 months). These contrasting results are surprising, indeed, in particular given that the CRQR model suggests that these are the most important variables in the model. From a policy perspective, the CRQR suggests that longer job protection periods of young mothers after giving birth are related with a considerably lower probability of entering unemployment, in particular at shorter durations. Given that the coefficinets of the CRQR model strongly fall for higher quantiles, this points to that some mothers delay the entry into unemployment rather than it is entirely avoided. Thus, differences are smallest when cumulative incidences reach their plateau levels. Finally, as indicated in Figure 1 , the CRQR model estimates that the partial relationship between maternity benefits and the probability of observing a transition to unemployment change its sign across different quantiles. The proportional hazards model in contrast estimates this relationship to be small and insignificant. Thus, the various effects of different signs estimated by the CRQR possibly level out in the estimation of the proportional hazards model.
The CRQR therefore provides detailed additional insights about the role of the maternity benefits for the probability of terminating maternity which exceed and partly contradict with what can be concluded from the coefficients of the proportional hazards model. Particularly, maternity benefits tend to have contrasting effects on the employability of young mothers at different quantiles, while the proportional hazards model suggests that maternity benefits have no effect at all.
As a next step we present a direct comparison of estimated conditional cumulative incidences obtained by the CRQR model and the proportional hazards model. We compute these functionals for a reference mother which is defined by setting continuous variables to their sample averages and most dummy variables to 0 (compare Table 4 in the Appendix). The resulting cumulative incidences are shown in Figure 2 . The plots suggest that estimated cumulative incidences partly differ significantly between the two models. In particular, the CRQR model tends to produce higher cumulative incidences than the proportional hazards model for longer Unfortunately, we cannot compute nonparametric estimates in a higher dimensional setting due to the course of dimensionality. It remains therefore unclear, which of the estimates in Figure 2 are preferable.
The estimation of the CRQR model is quick. In our application with around 20K observa- We have seen that there is often only little variation in coefficients across quantiles for the risk "next birth". It would be an interesting extension to impose cross quantile restrictions on coefficients as in Qian and Peng (2010) to improve efficiency of the CRQR estimator. 
Conclusion
We present a first application of a competing risks quantile regression model to large administrative data. We provide a fast implementation (R-package: cmprskQR) for the estimation of the quantile regression model and implied cumulative incidences. The latter are directly comparable to results from conventional duration models for cumulative incidences such as proportional hazards. Our application to German administrative maternity duration data reveals several interesting result patterns for the role of public child support. Some of the estimated coef-ficients change considerably over duration and partly they change sign, suggesting a varying influence of some of the covariates for lower quantiles and higher quantiles and thus shorter and longer durations are affected differently. This may point to conflicting findings and insights for a policy question when compared with the results of the proportional hazards model. For example, the CRQR model provides strong evidence for a negative relationship between the length of job protection period and the probability of making a transition to unemployment for all quantiles, but the proportional hazards model only finds this for the longest job pro-tection period (36 months). The CRQR model estimates suggest a changing direction in the partial relationship between maternity benefits and the probability of observing a transition to unemployment. The proportional hazards model in contrast estimates this relationship to be small and insignificant.
Thus, if maternity leave regulations aim at providing young mothers security to avoid unemployment, the CRQR coefficients appear to produce a more detailed and partly contradicting picture of the role of the various policy variables than the coefficients of the 12 proportional hazards model. We therefore consider the CRQR model as a useful complement to existing methods.
Even though, quantile regression is shown to provide interesting insights into the distribution of competing risks, the large number of results causes new challenges for the practitioner. These are more difficult to report and partly more difficult to interpret for non-experts as they are measured at quantiles rather than durations. Beside the usual graphical presentation of quantile regression coefficients across quantiles, we report a summary table comparing the direction of the estimated effects of the CRQR versus the proportional hazards model in a concise manner. Our proposed construction of the conditional cumulative incidences from the CRQR results is a useful tool for practitioners to make results comparable and interpretable in the duration dimension. The implied functionals for the two models are directly comparable. 
